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Review of Fourier Series

e Deal with continuous-time periodic signals.

e Discrete frequency spectra.

A Periodic Signal .
f(t)
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Two Forms for Fourier Series
_

Sinusoidal
Form

= —jm f (t)cosnm,tdt

D oT/2
%= j_m f (t)dt |
——jm f (t)sinno,tdt

Complex S jnegt 1 (12 — jnogt
f)= > ce™ | c == f(t)e ™o dt
Form: © ; " " T.[_m (t)
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How to Deal with Aperiodic Signal?

A Periodic Signal

(1) |

[\ AN
\V

\/ \V T

If T—>o0, What happens?
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Fourier Integral

T/2 |
jnogt _ = — jnat
hO=Yce! Cy = [ fr(e ™ dt
B o0 1 T/2 — jnoyt Jnogt W, = @ i — &
_n;o [TIT/Z r(v)e dr}e ST = T 2=n
1 & / . _
=— > DT 2 f; (T)e’”Wdr}(x)oe’”"’0t
2T o L0-T/2 2T
1 & [ ¢1/2 : - T
= Y[ e o
T N=—00 -

T o>0o=do=Amn~0

e 0] o0 - .
_ = —Jort Jot
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Fourier Integral
.

f () = % ” [ [ 1 (r)e_jmdr}ej(”tdoo

— 7

F(jo)
1 o, .
ft)=-—] F(io)e"'do Synthesis

F(jo)=" e dt Analysis
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Fourier Series vs. Fourier Integral

Fourier
Series:

Fourier

Integral:

f(t)= Zc glnod Period Function

1 — jnoyt -
= ~[” f(t)e™*dt] Discrete Spectra

Non-Period

1 o .
f(t)=—| F(jw)e™d .
(1) 27ILO (Jo) ® Function

F(jo)=[" f®edt] Continuous Spectra
)\ ' sor, Academic year 2015-
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Fourier Transform Pair
<« ]

Inverse Fourier Transform:

fQ=--f" F(jo»ej@tdml Synthesis

Fourier Transform:

F(jo)=[ f (t)eiwtdtl Analysis

Dr. Roby Cherian, Asst. Professor, Academic year 2015-
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Existence of the Fourier Transform
«_ 7

Sufficient Condition:

f(t) 1s absolutely integrable, 1.e.,

fl' f (t) |dt<oo|

Dr. Roby Cherian, Asst. Professor, Academic year 2015-
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Continuous Spectra
.

F(jo) = fw f (t)e dt

F (o) N
F(Jo)=FR(Jo)+ JF (jo) \ﬁ\ﬁz \
®
HF(jo) [ T o
“  Phase
%Qb!/tg\grgn Asst. Professor, Academic year 2015-
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Fjo)= ] f(tedt = [ e dt = L oo

— J(D 1
_ i(e_j“) el = 251N ®
@ ®
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Example
o

F(w)
_ O Rk N W
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w

D

H
IF(w)|
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F(jo)= fw f (t)e '
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Example

F(jo)=] fMe™dt = ["e e dt

* L —(o+ jo)t 1

= j e dt = :
0 Dr. Roby Cherian, Asst. Qt)f_etsol,(D Academic year 2015-
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Notation

F[f(1)]=F(jo)
FIF (jo)]= f(t)I

T‘ =
mmm) (1)« F(jo)
Dr. Roby Cherian, Asst. Professor,
Dept. of Physics
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Linearity

a, f,(t)+a,f,(t)«—aF(jo)+ aze(J'@)I

Dr. Roby Cherian, Asst. Professor, Academic year 2015-
Dept. of Physics 16



Time Scaling
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Time Reversal
<« ]

f(—t)«L>F(- jo)

) AL f(-0]=[ f(-t)edt = T f(-te Mt

t=

[ ey =] fmed(-t)

J—t=

_ t=—0 jot . t=o0 jot
= f(e’dt = |  f(te*dt

> jot "
:j f(t)e!'dt =F(-jo)
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Time Shifting
o]

f(t—t,) «Z>F(jo) "

/) T[f(t—to)]:fwf(t—to)e‘jmtdt = | Tf(t—t,)e dt

{=—00

= f(t)e M d(t+t,)

t+t0 =—00

—e | £ (t)e dt

—=—00

—iot. [® —jot - — jopt

=€ ’“’OJ f(t)e”'dt =F(jo)e ™
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Frequency Shifting (Modulation)
o]

f(t)e! « X5 F|j(o—w,)]

?f)

F[ f (t)e!*] = f f (t)eloote Ttdt
= [ f(te o dt

= F[j(@_@o)]
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Symmetry Property

F[F (jt)] = 2nf (-o)|

?f)

2nf () = [‘; F(jo)edw
27if (—t) = [‘; F(jo)e dw
Interchange symbols o and t

— = N Jot — T F t
an ( (D)Dr. R[)tm[(!::h SA:I)DAE st. Pro dt [ (J )] Academic year 2015-
ep ysi 16



Fourier Transform for
Real Functions

IT f(t) Is a real function, and F(jo) = Fr(jo) + JF,(jo)
=) F(-jo) = F*(o)

F(jo)=[ f(t)edt

L] w 1 [ ]
F*(jo)=[_ f(t)e"dt = F(- jo)
BﬁoRoby Cherian, Asst. Professor, Academic year 2015-
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Fourier Transform for
Real Functions

IT f(t) Is a real function, and F(jo) = Fr(jo) + JF,(jo)
= F(-jo) = F(o)
m) F,(Jo) Iseven, and F,(jo) IS odd.

Fa(-j0) = Fa(o) F(Ho) = —Fjo)

m) Magnitude spectrum |F(jw)| Is even, and
phase spectrum ¢(w) Is odd.

Dr. Roby Cherian, Asst. Professor, Academic year 2015-
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Fourier Transform for
Real Functions

If f(t) i1s real and even If f(t) Is real and odd

m) F(jo) Is real m) F(jo) is pure imaginary
V V
?f) ?f)
Even mm f(t) = f(-t) Odd = f(t)=—f(~t)
=) F(jo)=F(-]o) =) F(Jo)=-F(-]o)
Real = F(—jo)=F*(jo) | Real = F(-jo)=F*(jo)
=  F(jo)=F*(jo) = F(jo)=-F*(jo)
Dr. Roby Cherian, Asst. Professor, Academic year 2015-
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Example:
o]

Flf(t)]=F(jo) Flf(t)cosw,t] =7
Sol)
f (t)cosm,t = % f (t)(e™" eI

FL () cosm, t] = %f[f (t)e ] +%qw[ f(t)e o]

:%F[j(co—(x)o)]-l-%':[j(@"‘@o)]

Dr. Roby Cherian, Asst. Professor, Academic year 2015-
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Example:
o]

4 wy(t) (L f(t)=wy(t)cosm,t

il

vw0@=¢mum=f”eWm:Eg{%gj

d/2 0

Sing(oa—ooo) Sin%(m+mo)

: 2
F(Jo)=F|w, (t)cosw,t] = +
(je) = Flw, (Y coseot] =—— oo
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|

d/2 0

vw0@=¢mum=f”eWm:Eg{%gj

Sing(oa—ooo) Sin%(m+mo)

: 2
F(Jo)=F|w, (t)cosw,t] = +
(je) = Flw, (Y coseot] =—— oo
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-) T[f(t)]:T_Sinat]:WZa(—co) :{O <2l
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Fourier Transform of £’(t)
.

f(t)«Z>F(jo)and lim f(t)=0

t—>*1o0

= ')« joF(jo)

) A W]=(" (e dt

= f(t)e

g j@f f (t)e Jdt

:Dd %Ey (3!1&1)9)1 Asst. Professor, Academic year 2015-
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Fourier Transform of f (N(t)
G

f(t)«Z>F(jo)and lim f(t)=0

t—>*1o0

= (1)« (jo)"F(jo)
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Fourier Transform of f (N(t)
G

f(t)«Z>F(jo)and lim f(t)=0

t—>*1o0

= (1)« (jo)"F(jo)
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Fourier Transform of Integral

et o®)=[ f00dx mmp limo(t) =0

o' (©]= L f (O] = F(jo) = jod(jo)
(jo) = — F (joo)

JQ)Dr. Roby Cherian, Asst. Professor, Academic year 2015-
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The Derivative of Fourier Transform
« /7

- )dF(j(x))

do

Tt (t)] <

?f)

F(jo) = f; f (t)e *dt

dF(Jo) d (= ot & 0 _iwt
=—| f®)e dt = f(t)—e “dt
dw dw L’O (t) L@ ()8(9

J‘r-oREbyéheng)Je J“)tdt _T[ th (t)]

sst. Professor, Academic year 2015-
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Basic Concept
|

f:(t) | fo(t)=L[F(t)]
mmmm)> L inear System

fi()=a, fi; () + a, T, (D) f(1)=L[a, T;1(t) + a, fix(1)]
A linear system satisfies f_(t) = a,L[f,(t)] + a,L[f.,(t)]
Dr. Roby Cherian, Asst. P of&s: cal ol(t) + Qafmﬂe)a 2015

De pt fPhy



Basic Concept

()

Time Invariant
System

fi (t +t0) fo(t + tO)

fi(t —to) folt ~to)
—~fo , NI - 1

L~ fi(t+ty) ) Ntﬂ())

~— a

> 1
/\ fi(Ewaygherian, Asst. Professor, /w _28312&

~—"bept. of Physics




Basic Concept
|

To(t)

fi(t) Causal
b System

A causal system satisfies
f(t)=0fort<t, wmp f ()=0fort<t,

Dr. Roby Cherian, Asst. Professor, Academic year 2015-
Dept. of Physics 16



Basic Concep

()

Which of the following

systems are causal?

Causal
System

fi(t) fo(t)
tr/\ t tm -t
0 0
—~ O t f(t)/\
t -
/\f'\(t)/ , /\ A~ (t)
t Dr. Robthherian, Asst_. Professor, \f mar 2015
0 Dept. of Physics 16



Unit Impulse Response
o]

o(t) | TI h(t)=L[o(t)]
. System _

f(t) L[f(t)]=?

Facts: [ f(st-—vde=[ f(t-7)s(x)dr= f(t)

) L[f()]= L[ [* f@a- r)dr} ~ " f@LIt-)de

%r.,[ggpyfcgg)ap, Q:SST I;Crzgs:gor, C O nVO IALcJa-dte!ngchar 2015-

Dept. of Physics 16



Unit Impulse Response
o]

3(1) = | h(D=L[5()]
]r System L[f(D)]=?
L[ T (6)]= f(©)*h(t)|

a.L “hg rgdr Convolution

cccccccccccccccc




Unit Impulse Response
o]

Impulse Response

) LTI System
i) n(t) f(t)*h(t)

Academic year 2015-



Convolution Definition
«_ ]

The convolution of two functions f,(t) and
f,(t) Is defined as:

ft)y=[ f(1)f,(t-7)dr

— fl (t)* fz (t)

Dr. Roby Cherian, Asst. Professor, Academic year 2015-
Dept. of Physics 16



Properties of Convolution
.

1:1 (t) = fz (t) — fz (t) = f1 (t)l

LO* LM =] f@ft-vdi=] " f(x)f, 1)

i (t-0) It (t-1ld(t-7)

Jt—1=—

— _rjo f,(t—1)f,(v)dr
- .E; Rfon:rEJn,)A!a.(aﬁ)egsEr, = f2 (t) *Actéhgz year 2015-

Dept. of Physics 16



Properties of Convolution
.

LE)*1,0)=10)*1 (t)l

ICNI it | LV
h(®) ]

h (’[) Impulse Response h (t) *f(t)

— -1 System
Dr. Roby ClLI)sst. Professor, Academic year 2015-




Properties of Convolution
.

[ 1,0 1,(O) 1,(t) = 1,(O)*[ 1, (1) 1,(t)]




The following two

systems are identical

Properties of Convolution
.

[ 1,0 1,(O) 1,(t) = 1,(O)*[ 1, (1) 1,(t)]

- (1) |-> () |-> ha(t) |->
- () |-> ha(t) |-> h (1) [9

Dept. of Physics 16




Properties of Convolution
.

FO*80 = FO)] () mb 501 |., 0

f(t)*5(t) = ji f (1)8(t —1)dt
— f; f(t—1)5(t)dt
= f(t)

Dr. Roby Cherian, Asst. Professor, Academic year 2015-
Dept. of Physics 16



Properties of Convolution
.

FO*50 = FO] 1) b 51 |., ()
f()*o(t—T) = f(t—T)l

f(t)*8(t-T)=| B f(93(t-T —7)dv

:' f(t-T -7)3(x)d

D Ro by(: ) tP ofes Academic year 2015-

De pt f Phy 16




Properties of Convolution
.

f()*o(t-T)="f (t—T)l

5(t=T)
f(t) mm \ f(t -T)
0 T
f(t f(t
~1 _~1
0 0 T
Dr. Roby Cherian, Asst. Professor, Academic year 2015-

Dept. of Physics 16



System function 5(t—T) serves as an

Ideal delay or a copler.
o]

f()*o(t-T)="f (t—T)l

5(t=T)
f(t) mm \ f(t -T)
0 T
f(t f(t
~1 _~1
0 0 T
Dr. Roby Cherian, Asst. Professor, Academic year 2015-

Dept. of Physics 16



Properties of Convolution
.

f.(t)* f,(t)«—— F(jo)F, (joo)I

FLEL0* f01=[" U f () f, (t— r)dr}e ot it
- f(r)“ £ (t—1)e ’“’tdt}dr
— j f,(0)F,(jo)e ' dr
= i, fplg. e = R(9)F(ig)

Dept. of Physic



Time Domain Frequency Domain

convolution multiplication

f.(t)* f,(t)«—— F(jo)F, (joo)I

FLEL0* f01=[" U f () f, (t— r)dr}e ot it
[ f(T)U £ (t—1)e ’“’tdt}dr
= [ (R, (jw)edr

- R, Loeldr = F(i)F,(io)

Dept. of Physics




Time Domain Frequency Domain

convolution multiplication

fL®)* f,(t) «——Fi(jo) Fz(jw)I

f(t) w—)p h(yt) '—; f(t)*h(t)

Impulse Response
F(lo) ) E Z’Jyze)r;

C

Fo)H(o)

Academic year 2015-
16

)r. Roby Cherian, Asst. Profegkor,



Time Domain Frequency Domain

convolution multiplication

fL®)* f,(t) «——Fi(jo) Fz(jw)I

Flo)H; (o) Fo)H,(jo)H,(Jo)H;(o)
= H,(jo) |-b H,(j) |-b Hy(joo) |-t
F(w)
Fjo)H;(Jo)H,(o)

Dept. of Physics 16



Properties of Convolution

fL®)* f,(t) «——Fi(jo) Fz(jw)I

'F (o) I H(jo) 1Folj)
J\f\/\\»‘ 1 //\\
0 o —®, 0 O 0 o

An ldeal Low-Pass Filter

Dr. Roby Cherian, Asst. Professor, Academic year 2015-
Dept. of Physics 16



Properties of Convolution

fL®)* f,(t) «——Fi(jo) Fz(jw)I

F.(jo) H(jo) Folo)
| I | R I

An ldeal Hi h-fPass Filter

Dr. Roby Cherian, ASSt. Professor, Academic year 2015-
Dept. of Physics 16



Properties of Convolution
.

() F,(0) [ F(0)F,Li(0—0)1o
gy =2

1

f,(t) f,(t) «———F (jo)*F,(jo)
2T

Prove by yourselves



Time Domain Frequency Domain

multiplication convolution

() F,(0) [ F(0)F,Li(0—0)1o
gy =2

1

f,(t) f,(t) «———F (jo)*F,(jo)
2T

Prove by yourselves

mic year 2015-
16
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Properties of Convolution

[ If.(0)f,0Ht= Zi [” Rio)F,[- jolo
U

LOLO [ RGOFRLi(0-0)K0

- j:[ f,(0) f, (D) dt = i j: F.(jO)F,[j(ow—0)]d6

E=) [ OOk F(oRiCake

Dept. of Physics 16



Properties of Convolution

[ If.(0)f,0Ht= Zi [” Rio)F,[- jolo
U

If f,(t) and f,(t) are real functions,

-

[ [f.(0) 0t = zi " R(io)FTjoldo
7T

f,(t) real F[=jol = F[jo]

Dr. Roby Cher AtP dentic year 2015-
Dpt fPhy 16



Parseval’s Theorem:
Energy Preserving

[“1f @ Pdt==—[" | F(jo) Pdo
2T -

LT *O1=[ > e dt =( [

f(t)e"““dt)* =F*(-Jo)

[C1f@Pdt=]" f@)f >yt

1

= Flio)F*[-(- Joo)]doo——j | F(jo) [Fde
TU

Dr. Roby Cherian, Asst. Professor, Academic year 2015-
Dept. of Physics 16



